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“ The dynamics of joints is one of the main remaining challenges 

in structural dynamics ” 
or something along that line …  

Dave Ewins
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[2] Brake, Matthew RW, and Pascal Reuß. "The Brake-Reuß beams: a system designed for the measurements and 
modeling of variability and repeatability of jointed structures with frictional interfaces." The Mechanics of Jointed 
Structures: Recent Research and Open Challenges for Developing Predictive Models for Structural Dynamics (2018): 99-
107.

[2]

This presentation assumes the joint dynamics to be linear.
For non-linear joint identification by substructuring, see 
Session 08 (N. Özgüven), 2:00 pm, Salon 8
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Since joints is about assemblies of components, substructuring could help analyze joints … 

Based on work done over the last 10 years with

Dennis de Klerk

Sven Voormeeren

Marteen vdSeijs

Michael Häußler

Steven Klaassen

Ahmed El Mahmoudi

Michael Kreutz

Francesco Trainotti

Verena Gimpl

Mert Göldeli



5

Overview of Tutorial

Ø Basics of Substructuring
• Primal and dual assembly
• Frequency-Based Substructuring
• Some tricks - Measure more then you need
• Some tricks - Decoupling
• Some tricks - Including interface dynamics (transmission simulator)

Ø Interface Identification
• Method 1: Dual Decoupling
• Method 2: LM-FBS with weak interface
• Method 3: Inverse Substructuring
• Summary of methods

Ø Example: Rubber joint
Ø Example: Bolted joint
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Basics of substructuring

Dual assembly
2.3 Primal and dual assembly 17

where the interface equilibrium no longer appears since it is automatically satisfied. In block matrix form,
we can write

⇢
Zū+BT lll = f̄
Blll = 0 (2.44)

which is often put in the symmetric form


Z BT

B 0

�
ū
lll

�
=


f̄
0

�
. (2.45)

One observes that lll can be interpreted as the Lagrange multipliers associated with the compatibility con-
straint (see general theory of constrained systems).

To illustrate this form, consider again the first example in Figure 2.2.a, with the matrix B given in (2.29).
The dually assembled form is then written as
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ū(1)

2

i

2

64
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Notice that this representation of the system is larger than the primally assembled counterpart, but in this
representation the interface forces, l are explicitly available. In future sections we shall see that this can be
useful.

2.3.3 Usefulness of different assembly formulations

In this section we have expressed the coupled problem in three different forms that are recalled in their
block matrix form below for clarity:

General form

8
<

:

Zū = f̄+ ḡ
Bū = 0
LT ḡ = 0

(2.31)

Primal Assembly Zgug = fg with Zg = LT ZL and fg = LT f̄ (2.37)

Dual Assembly


Z BT

B 0

�
ū
lll

�
=


f̄
0

�
(2.45)

To illustrate the primal and dual assembly, Figure 2.4 shows the assembly of components with forces or
with displacements, and the corresponding matrices.

Each of these representations is mathematically equivalent and, hence, one might wonder why consid-
ering one form or the other might be advantageous. From a mechanical point of view the interpretation of
these forms is different, and so each provides different insights. The general form considers each substruc-
ture as independent (the DOF and coupling forces are defined separately per substructure) and therefore
requires writing all of the interface conditions explicitly. In the primal form, coupling forces are no longer
part of the problem: the only interface unknowns are the interface DOF , which are unique for the entire
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2.3.1 Primal assembly

We can define as primal unknowns for the interface a set of DOF ug that are global and uniquely define for
the entire structure. The DOF of each substructure are then obtained by mapping the global set ug to the
local DOF of each substructure u(s). Such a mapping was already introduced in the previous section, 2.24
to map the local interface forces to a global set. The same mapping, but now from the global DOF to the
local ones can be used to write

u(s) = L(s)ug or u = Lug (2.32)

If the substructure DOF are obtained from a unique set as described above, they automatically satisfy the
compatibility conditions that matching interface DOF must be equal. Hence

BLug = 0 8 ug (2.33)

This relation, mathematically means that L represents the nullspace of the constraint matrix B:

L = null(B) (2.34)

In the example of the beam in Figure 2.2.a for which L was found in (2.26), this leads to
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Clearly it can be seen that the substructure DOF are “drawn" from a global and unique set of DOF and thus
automatically satisfy the compatibility constraint on the interface: with the compatibility constraint matrix
B obtained in (2.29), one verifies that
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When choosing a unique set of DOF as in (2.32), the coupled problem (2.31) can be simplified and
written as

⇢
ZLug = f̄+ ḡ
LT ḡ = 0 (2.36)

where the compatibility condition is not present anymore since it is automatically verified. The interface
forces g can be eliminate from this relation by premultiplying the dynamic equilibrium (first line of (2.36))
by LT , which builds the sum of the equilbrium equations on matching nodes. Considering the equilibrium
of the internal forces (second line of (2.36)), the coupled problem can finally be expressed as

Zgug = fg with Zg = LT ZL and fg = LT f̄ (2.37)

This form is generally referred to as the primal assembly of the coupled problem and matrix LT ZL is
the primal assembled impedance of the global system. This assembly is similar to the assembly of finite
elements.

Primal assembly
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Basics of substructuring

Example of primal assembly
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Basics of substructuring

Example of dual assembly
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Basics of substructuring
Dual assembly using admittances Measured 

in experimental tests
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Basics of substructuring
Dual assembly using admittances

64 4 Experimental Substructuring

or, substructure-wise,
 

Nsub

Â
s

B(s)Y(s)B(s)T
!

lll =
Nsub

Â
s

B(s)Y(s)f(s) (4.8)

Problem (4.8) is commonly referred to as the Dual Interface Problem: it contains nl compatibility equations
for the unknown internal Lagrange multipliers on the interface. It can be interpreted as follows:

the external forces f(s) are applied to the substructures create substructure responses Y(s)f(s) generating interface in-
compatibilities BYf (Figure 4.3.b). In order to prevent those interface “gaps", internal forces must exist on the interface
and have amplitudes such that the response YB(s)T lll that they generate on each side of the interface closes the gap
originating from the external forces (Figure 4.3.c).

(1)
(2)

(3)

f (1)

(1) (2)

(3)

f (1)

(1) (2)

(3)

a. Substructured problem b. Effect of local force in W (1) c. Global effect of lll to enforce compatiblity

Fig. 4.3: Interpretation of the Dual Interface Problem (4.8).

The dual interface problem for the amplitudes of the Lagrange multiplier is a global problem since a
Lagrange multiplier between two substructures will affect the response of those substructures also on the
interface with other substructures. The operator

FI = (BYBT ) =

 
Nsub

Â
s

B(s)Y(s)B(s)T
!

(4.9)

in the Dual Interface Problem is often called the dually assembled interface flexibility,

4.2.2 Lagrange Multiplier FBS - the dually assembled admittance

The Dual Interface Problem (4.50) can be used to compute the interface Lagrange multipliers, namely

lll = (BYBT )�
1
BYf (4.10)

and substituting this result in the dynamic equation (4.4) for the substructure response finally yields

u = Y
⇣

f�BT (BYBT )�
1
BYf

⌘
=
⇣

Y�YBT (BYBT )�
1
BY
⌘

f (4.11)

The different terms in this formula can easily be interpreted if one considers the way it was found:

“dual interface problem”
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Basics of substructuring
Dual assembly using admittances
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The different terms in this formula can easily be interpreted if one considers the way it was found:

4.2 Basics of Frequency Based Substructuring (FBS) [DR] 63

several new ideas where proposed to properly perform the measurements of the components and to avoid
situations in which measurement errors cause the assembled models to be meaningless. The most important
techniques will be outlined later in this text.

4.2.1 Lagrange Multiplier FBS - the Dual Interface Problem

Let us consider again the dual form of an assembled system made of several components (see (2.45),
Section 2.3), dropping for simplicity the bar superscript introduced earlier to indicate that the DOF are to
be interpreted as complex amplitudes in the frequency domain:
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are the block diagonal matrices containing the impedances, DOF and external forces of the unassembled
substructures, where B is the signed Boolean matrix of suitable dimension, which expresses the interface
compatibility constraints (see (2.27,2.28)) and lll the associated Lagrange multipliers representing the inter-
nal forces in the interface between substructures. An interpretation of the B and the Lagrange multipliers
was given figure 2.3

The substructure displacements, u, in this dual form can be solved for to obtain the substructure dis-
placements as functions of the forces, lll , using the dynamic equilibrium:

u = Y(f�BT lll ) (4.4)
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is the block matrix containing the substructure admittances. Equation (4.4) contains the unassembled sub-
structure dynamic equilibrium equations

u(s) = Y(s)(f(s) �B(s)T lll ) (4.6)

where the coupling is guaranteed by the Lagrange multipliers, unique between matching DOF across the
interface, representing the interface forces and the amplitude of which is determined by the compatibility
condition contained in the last line of (4.3). Substituting (4.4) into the compatibility condition yields

BY(f�BT lll ) = 0

that can be re-organized as

(BYBT )lll = BYf (4.7)
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�YBT (BYBT )�

1
BY|{z}

D| {z }
l

⌘
f

This will be illustrated in the simple example below.
Comparing now this result with the definition for the assembled admittance of the system

u = Yg,dualf

we can write

Yg,dual =
⇣

Y�YBT (BYBT )�
1
BY

⌘
(4.12)

This is the final formula for the dual assembly of substructure admittances.
Note: this admittance operates on the force vector f, which contains the external forces defined on each

uncoupled substructure, and returns the response, u, for all DOF of the separated substructures. In other
words, the dually assembled admittance is defined for all DOF on each side of an interface. Obviously, by
construction, Yg,dual is identical for all corresponding DOF on the interface and thus the information in
Yg,dual is redundant. This redundancy can easily be eliminated by keeping in Yg,dual only the row and line
corresponding to one of the redundant DOF on the interface.

In order to illustrate the technique, let us consider a simple assembly problem of two bars as described
in Figure 4.4 for which the block matrices of the non-assembled problem can readily be seen to be

u =

2

6664

u(1)
2

u(1)
3

u(2)
1

u(2)
2

3

7775
f =

2

6664

f (1)
2

f (1)
3

f (2)
1

f (2)
2

3

7775
Y =

2

6664

Y (1)
22 Y (1)

23 0 0
Y (1)

32 Y (1)
33 0 0

0 0 Y (2)
11 Y (2)

12
0 0 Y (2)

21 Y (2)
22

3

7775
B =

⇥
0 1 �1 0

⇤

1 3
(2)

3
(1)

2

2

4
ua

uc

ub

3

5
AB

=

0

@

2

4
Y AB

ab
Y AB

cb
Y AB

bb

3

5 �

2

4
Y AB

ac

Y AB
cc

Y AB
bc

3

5 ⇥
Y AB

cc � Y A
cc

⇤�1
Y AB

cb

1

A fAB
b


ua

uc

�A

= �

Y A

ac

Y A
cc

� ⇥
Y AB

cc � Y A
cc

⇤�1
Y AB

cb fAB
b

ub =
⇣
Y AB

bb � Y AB
bc

⇥
Y AB

cc � Y A
cc

⇤�1
Y AB

cb

⌘
fAB

b

2

66666664

ZAB 0

2

4
0
I
0

3

5

0 �ZA


�I

0

�

⇥
0 I 0

⇤ ⇥
�I 0

⇤
0

3

77777775

2

6666664

uAB
a

uAB
c

uAB
b

uA
a

uA
c

�

3

7777775
=

2

6666664

fAB
a

0
0
0
0
0

3

7777775

2

6666666664

ZAB 0

2

4
0

�A+T

c

0

3

5

0 �ZA


��A+T

c

0

�

h
0 �A+

c 0
i h

��A+

c 0
i

0

3

7777777775

2

6666664

uAB
a

uAB
c

uAB
b

uA
a

uA
c

�n�

3

7777775
=

2

6666664

fAB
a

0
0
0
0
0

3

7777775

2

6666666664

ZAB 0

2

4
0

�A+T

c,a

0

3

5

0 �ZA

"
��A+T

c,a

0

#

h
0 �A+

c,a 0
i h

��A+

c,a 0
i

0

3

7777777775

2

6666664

uAB
a

uAB
c

uAB
b

uA
a

uA
c

�n�

3

7777775
=

2

6666664

fAB
a

0
0
0
0
0

3

7777775

�1 �2 �3 �4 �5 �6 �7

11

21

Fig. 4.4: A simple assembly problem of two bars.

Applying the formula (4.12) to compute the assembled admittance we find
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⌘

f (4.11)

The different terms in this formula can easily be interpreted if one considers the way it was found:

Lagrange Multiplier FBS
(LM-FBS)

“dual interface problem”
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u =
⇣uncoupl.z}|{

Y

couplingz }| {
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1
BY|{z}

D| {z }
l

⌘
f

This will be illustrated in the simple example below.
Comparing now this result with the definition for the assembled admittance of the system

u = Yg,dualf

we can write

Yg,dual =
⇣

Y�YBT (BYBT )�
1
BY

⌘
(4.12)

This is the final formula for the dual assembly of substructure admittances.
Note: this admittance operates on the force vector f, which contains the external forces defined on each

uncoupled substructure, and returns the response, u, for all DOF of the separated substructures. In other
words, the dually assembled admittance is defined for all DOF on each side of an interface. Obviously, by
construction, Yg,dual is identical for all corresponding DOF on the interface and thus the information in
Yg,dual is redundant. This redundancy can easily be eliminated by keeping in Yg,dual only the row and line
corresponding to one of the redundant DOF on the interface.

In order to illustrate the technique, let us consider a simple assembly problem of two bars as described
in Figure 4.4 for which the block matrices of the non-assembled problem can readily be seen to be
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Fig. 4.4: A simple assembly problem of two bars.

Applying the formula (4.12) to compute the assembled admittance we find
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Interpretation:

λ
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Basics of substructuring
Tricks in dual assembly – Measure more then you need
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Transformation matrix that computes in a 
least-square sense the rigid motion amplitudes

à compatibility in enforced as

i.e. all interface displacements shapes that are not 
rigid are left unassembled

à Much better conditioning of the interface problem

“Virtual Point Transformation” (VPT)
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M. van der Seijs. Experimental Dynamic Substructuring, Analysis 
and Design Strategies for Vehicle Development. PhD thesis, Delft 
University of Technology, Delft, The Netherlands, June 2016.
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The same is done for the other side of the interface 
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Basics of substructuring
Tricks in dual assembly – decoupling

A
B1

2
32

F1
x1
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B

32

A
1

2

F1
x1

64 4 Experimental Substructuring

or, substructure-wise,
 

Nsub

Â
s

B(s)Y(s)B(s)T
!

lll =
Nsub

Â
s

B(s)Y(s)f(s) (4.8)

Problem (4.8) is commonly referred to as the Dual Interface Problem: it contains nl compatibility equations
for the unknown internal Lagrange multipliers on the interface. It can be interpreted as follows:

the external forces f(s) are applied to the substructures create substructure responses Y(s)f(s) generating interface in-
compatibilities BYf (Figure 4.3.b). In order to prevent those interface “gaps", internal forces must exist on the interface
and have amplitudes such that the response YB(s)T lll that they generate on each side of the interface closes the gap
originating from the external forces (Figure 4.3.c).

(1)
(2)

(3)

f (1)

(1) (2)

(3)

f (1)

(1) (2)

(3)

a. Substructured problem b. Effect of local force in W (1) c. Global effect of lll to enforce compatiblity

Fig. 4.3: Interpretation of the Dual Interface Problem (4.8).

The dual interface problem for the amplitudes of the Lagrange multiplier is a global problem since a
Lagrange multiplier between two substructures will affect the response of those substructures also on the
interface with other substructures. The operator

FI = (BYBT ) =

 
Nsub

Â
s

B(s)Y(s)B(s)T
!

(4.9)

in the Dual Interface Problem is often called the dually assembled interface flexibility,

4.2.2 Lagrange Multiplier FBS - the dually assembled admittance

The Dual Interface Problem (4.50) can be used to compute the interface Lagrange multipliers, namely

lll = (BYBT )�
1
BYf (4.10)

and substituting this result in the dynamic equation (4.4) for the substructure response finally yields
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⇣
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1
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⌘
=
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⌘

f (4.11)

The different terms in this formula can easily be interpreted if one considers the way it was found:
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in the Dual Interface Problem is often called the dually assembled interface flexibility,

4.2.2 Lagrange Multiplier FBS - the dually assembled admittance

The Dual Interface Problem (4.50) can be used to compute the interface Lagrange multipliers, namely
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1
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and substituting this result in the dynamic equation (4.4) for the substructure response finally yields
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The different terms in this formula can easily be interpreted if one considers the way it was found:- Y(B)
Same formula as before but with a negative substructure 
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Basics of substructuring
Tricks in dual assembly – including interface dynamics (transmission simulator)

* The name “transmission simulator” was first coined in 
R. L. Mayes and M. Arviso. Design studies for the transmission simulator method of experimental dynamic 
substructuring. In International seminar on modal analysis, ISMA, Leuven, 2010. KUL.

λ´

TA
1

2
F1

T A B1

2
32

F1

λ

B

32

To include the interface dynamics in the coupling, one identifies one of the 
substructure with the interface dynamics activated by a transmission simulator:

Cool!  …
…. So can we also isolate the interface dynamics alone ?? 
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Overview of Tutorial

Ø Basics of Substructuring
• Primal and dual assembly
• Frequency-Based Substructuring
• Some tricks - Measure more then you need
• Some tricks - Decoupling
• Some tricks - Including interface dynamics (transmission simulator)

Ø Interface Identification
• Method 1: Dual Decoupling
• Method 2: LM-FBS with weak interface
• Method 3: Inverse Substructuring
• Summary of methods

Ø Example: Rubber joint
Ø Example: Bolted joint
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Interface identification:
Method 1. : Dual Decoupling

A J

B B

A
J

• Measure                                 (including usually a VPT for interface dofs) 

• Assemble negative A and B substructures to AJB (Decoupling)

with
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Interface identification:
Method 1. : Dual Decoupling

A J

B B

A
J

+ General technique, that can also isolate “dynamic” joints
Can be made more robust (e.g. forcing also internal dofs of subtracting substructures to be compatible) [1,2]

[1] P. Sjövall et al. Component system identification and state-space model synthesis. Mechanical Systems and Signal Processing, 21:2697–2714, 2007.

[2] S. Voormeeren et al. Substructure decoupling techniques - a review and uncertainty propagation analysis. In IMAC-XXVII: International Modal 

Analysis Conference, Orlando, FL, Bethel, CT, February 2009. SEM

- The decoupling problem is often badly conditioned because J typically much stiffer than A and B 

Needs to measure the assembly AJB and the individual substructure than A and B .
Consider the interface a priori as being very stiff (“quasi-static”)

If quasi-static, the joint behaviour can be find without needing to measure A and B



As before:

but now no dofs of J involved

and the compatibility is made “flexible” 

19

A J

B

Interface flexibility 
(dimension: # of interface compatibility conditions)
Not the same thing as YJ but related

λQuasi-static

Interface identification:
Method 2. : LM-FBS with weak interface
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A J

B

Can be rearranged to compute        without the need to know                !    

(e.g. [1,2,3]  and tutorial of N. Özguven)

Historically, these methods were called “inverse substructuring” (here in its dual form)
because the coupling equations are “inverted” to extract 

[1]J. Zhen, T. C. Lim, and G. Lu. Determination of system vibratory response characteristics applying a spectral-based inverse sub-structuring approach. part i: analytical 
formulation. International journal of vehicle noise and vibration, 1(1):1–30, 2004.
[2]Čelič, D., & Boltežar, M. (2008). Identification of the dynamic properties of joints using frequency–response functions. Journal of Sound and Vibration, 317(1-2), 158-174.
[3 ]TOL, Şerife, et al. Dynamic characterization of bolted joints using FRF decoupling and optimization. Mechanical Systems and Signal Processing, 2015, 54. Jg., S. 124-138.

Just to make you believe that this can work, see next slides …
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Interface identification:
Method 3. : Inverse Substructuring (primal)

A J

B

It can be shown that (under same conditions), the equation 
above can be transformed into
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131. Kalaycıoğlu, T., Özgüven, H.N.: Experimental verification of a recently developed frf decoupling method for nonlinear

systems. In: IMAC-XXXVI: International Modal Analysis Conference, Orlando, FL. Society for Experimental Mechan-
ics, Bethel, CT (2018)

132. Kammer, D.C.: Input force reconstruction using a time domain technique. Journal of Vibration and Acoustics 120(4),
868–874 (1998). DOI: 10.1115/1.2893913

133. Kammer, D.C.: Sensor set expansion for modal vibration testing. Mechanical Systems and Signal Processing 19, 700–
713 (2005)

134. Kay, S.M.: Fundamentals of Statistical Signal Processing, Volume I: Estimation Theory, 1st edn. Prentice Hall, Engle-
wood Cliffs (1993)

135. Keersmaekers, L., Mertens, L., Penne, R., Guillaume, P., Steenackers, G.: Decoupling of mechanical systems based on in-
situ frequency response functions: The link-preserving, decoupling method. Mechanical Systems and Signal Processing
(2015)

136. Kerschen, G., Peeters, M., Golinval, J.C., Vakakis, A.F.: Nonlinear normal modes. part i. a useful framework for the
structural dynamicist. Mechanical Systems and Signal Processing 23(1), 170–94 (2009). Copyright 2008, The Institution
of Engineering and Technology 10330862 0888-3270 nonlinear normal modes NNMs large-scale engineering structures
time-frequency analysis structural dynamics nonlinear vibrating structures wavelet transform modal analysis

137. Kim, J.H., Kim, J., Lee, P.S.: Improving the accuracy of the dual craig-bampton method. Computers & Structures 191,
22–32 (2017)

138. de Klerk, D.: Dynamic response characterization of complex systems through operational identification and dynamic sub-
structuring. Ph.D. thesis, Delft University of Technology, The Netherlands (2009). URL http://resolver.tudelft.
nl/uuid:2e4dd63e-68d5-41a4-8201-1e784f2f752c

139. de Klerk, D., Lohrmann, M., Quickert, M., Foken, W.: Application of operational transfer path analysis on a classic car.
In: DAGA. Rotterdam (2009)

140. de Klerk, D., Ossipov, A.: Operational transfer path analysis: Theory, guidelines and tire noise application. Mechanical
Systems & Signal Processing 24(7), 1950–1962 (2010). DOI: 10.1016/j.ymssp.2010.05.009. Special Issue: ISMA 2010

141. de Klerk, D., Rixen, D., Voormeeren, S., Pasteuning, F.: Solving the RDoF problem in experimental dynamic sub-
structuring. In: Proceedings of the XXVI International Modal Analysis Conference (IMAC), Orlando, FL. Society for
Experimental Mechanics, Bethel, CT (2008)

142. de Klerk, D., Rixen, D.J.: Component transfer path analysis method with compensation for test bench dynamics. Me-
chanical Systems & Signal Processing 24(6), 1693–1710 (2010). DOI: 10.1016/j.ymssp.2010.01.006

143. de Klerk, D., Rixen, D.J., de Jong, J.: The frequency based substructuring (FBS) method reformulated according to the
dual domain decomposition method. In: International Modal Analysis Conference, IMAC-XXV. SEM, St Louis, MO
(2006)

144. de Klerk, D., Rixen, D.J., Voormeeren, S.N.: General framework for dynamic substructuring: History, review and clas-
sifcation of techniques. AIAA Journal 46(8), 1169–1181 (2008). DOI: 10.2514/1.33274

145. de Klerk, D., Rixen, D.J., Voormeeren, S.N.: General framework for dynamic substructuring: History, review and classi-
fication of techniques. AIAA Journal 46(5), 1169–1181 (2008)

146. de Klerk, D., Voormeeren, S.: Uncertainty propagation in experimental dynamic substructuring. In: Proceedings of the
XXVI International Modal Analysis Conference (IMAC), Orlando, FL. Society for Experimental Mechanics, Bethel, CT
(2008)

147. Klerk, D.D., Rixen, D.J., Voormeeren, S.N.: General framework for dynamic substructuring: History, review and classi-
fication of techniques. AIAA Journal 46(5), 1169–1181 (2008)

148. Klosterman, A.L.: A combined experimental and analytical procedure for improving automotive system dynamics. Ph.D.
thesis, University of Cincinnati, Department of Mechanical Engineering (1971)

149. Krattiger, D., Wu, L., Zacharczuk, M., Buck, M., Kuether, R.J., Allen, M.S., Tiso, P., Brake, M.R.W.: Interface reduction
for hurty/craig-bampton substructured models: Review and improvement. Mechanical Systems and Signal Processing
Accepted May (2018)

150. Kuether, R.J., Allen, M.S., Hollkamp, J.J.: Modal substructuring of geometrically nonlinear finite element models with
interface reduction. AIAA Journal (accepted) (2017)

Measure and invert

Read the off-diagonals

BONUS: Subtract from diagonals to find  
the dynamics of the substructures!
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Interface identification:
Summary

joint as
se

m
bl

y

dynamic

quasi-static

primaldual

Dual Inv.Substr.

Dual Decoupling Primal Decoupling
Dynamics of A & B 

needed !

Assumptions
on joint !

Similar or equivalent

Primal Inv.Substr.

sometimes called “in-situ”
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Interface identification: Remarks
1. Isolation of the joint

Separating the dynamics of the joints from the 
dynamics of the assembly
à Substructuring approach to find YJ from YAJB 

2. Parameterization of joint dynamics
Guess physical parameters from the isolated 
joint dynamics by fitting a physical model

Not discussed here:
• Isolation techniques using a model of the 

substructures (e.g. with SEMM [1)
• If a priori a good knowledge of the joint physics 

one can also parametrize the joint first and 
determine them from the measurement by 
optimization [2]

[1] S. W. B. Klaassen and D. J. Rixen. Using semm to identify the joint dynamics in multiple degrees of freedom without measuring interfaces. In 
IMAC-XXXVII: International Modal Analysis Conference, Orlando, FL, Bethel, CT, January 2019. SEM

[2] Estimating Linear Joint Stiffness and Damping using Frequency-Based Optimization Framework – Marie Brøns, IMAC 2024 (just after this talk ;-)
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Overview of Tutorial

Ø Basics of Substructuring
• Primal and dual assembly
• Frequency-Based Substructuring
• Some tricks - Measure more then you need
• Some tricks - Decoupling
• Some tricks - Including interface dynamics (transmission simulator)

Ø Interface Identification
• Method 1: Dual Decoupling
• Method 2: LM-FBS with weak interface
• Method 3: Inverse Substructuring
• Summary of methods

Ø Example: Rubber joint
Ø Example: Bolted joint
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Example: Rubber joint [1]

[1] M. Haeussler, S. Klaassen, and D. Rixen. Experimental twelve degree of freedom rubber isolator 

models for use in substructuring assemblies. Journal of Sound and Vibration, 474:115253, 2020.

Rubber mount used in 
automotive application

Tested with A & B as 
steel crosses 

Reference from a hydropulse measurement
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Primal Inv.Substr.

Example: Rubber joint
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Dual Decoupling

Example: Rubber joint
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https://gitlab.com/pyFBS/pyFBS

Data processing 
and coupling/decoupling 
powered by

Example: Bolted joint [1]

[1] M. Kreutz, F. Trainotti, V. Gimpl, and D. J. Rixen. On the robust experimental multi-degree-of-freedom identification 
of bolted joints using frequency-based substructuring. Mechanical Systems and Signal Processing, 203:110626, 2023.
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Example: Bolted joint [1]
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Example: Bolted joint [1]

Primal Inv.Substr.
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Example: Bolted joint [1]

Primal Inv.Substr.
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𝑍!! Ω = 𝑘! + 𝑗Ω𝑑!

select clean 
frequency range fit parameters

for each direction
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And now some commercials ...

With  Matt Allen, Maarten vdSeijs, 
Joschua Meggit, N. Özgüven, 
G. Cepon, D. Rixen
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